Abstract. The weak approximation principle fails for the forms x3+y3 + z3 = kw}, when k = 2 or 3. The question therefore arises as to what asymptotic density one should predict for the rational zeros of these forms. Evidence, both numerical and theoretical, is presented, which suggests that, for forms of the above type, the product of the local densities still gives the correct global density.
correspondingly increased; or one may reduce the product of local densities by removing those parts of Yls which the failure of (WA) excludes. When the Hasse Principle fails for /, we must clearly follow the second procedure. This would be the case for the example 5x3 + I2y3 + 9z3 + \0w3 of Cassels and Guy [2] , for instance.
The purpose of this paper is to investigate further the above options, principally through an examination of the forms x3 + y3 + z3 -kw3. We first prove: Theorem 1. If (x, y, z, w) £ Z4 is a primitive solution of x3 + y3 + z3 = 2w3 (so that hcf(x, y, z, w) = 1), then one of x, y, z is divisible by 6. If (x, y, z, w) £ Z4 is a primitive solution of x3 + y3 + z3 = 3w3, then either x = y = z (mod 9) or one of x, y, z is divisible by 9.
This demonstrates the failure of ( WA) for the above forms. The first form can have no rational zero close to both (0, 1, 1, 1) £ Q4, and (1, 0, 1, 1) e Q4 . Similarly, the second form has no rational zero close to (-2, 1,4, -t/\9) £ Q3.
In a letter to the author, Professor Colliot-Thélène has shown that the above congruence restrictions are exactly those implied by the Brauer-Manin obstruction. Moreover, for the general equation x3 + y3 + z3 -kw3, with a noncube integer k , there is always a nontrivial obstruction, eliminating two-thirds of the adèlic points.
The proof of the theorem is based on a method of Cassels [1] , and uses cubic reciprocity in Q(co), where co = (-1 + \/^3)/2. Let k = 2 or 3 as appropriate, and suppose that x + yco has a prime factor n in Q(co). We write p for the rational prime above n, and we suppose that p \ 3k . If p is inert, then (1) (k/n)3=l
automatically, and otherwise the congruence z3 = kw3 (mod n) implies (1) unless p I hcf(z, w). In the latter case, suppose that ne\\x + yco. Since x, y, z, and w are coprime, we have p \ hcf(x, y), so that n \ x + y, x + yco2 . Thus, ne\\x3 + y3, whence ne\\z3 -kw3. Hence, either ( 1 ) holds or 3\e. We may therefore conclude that (2) (k/neh = 1 whenever ne\\x + yco and n\3k. If k -2, then exactly one of 1, y, z will be even, so that 2 \ x + yco. Moreover, a congruence (mod 9) shows that 3 divides exactly one of x, y, z (y say). Then hcf(x + yco, 3) -1 and (2) holds for all prime factors of x + yco. It follows that (-\x +yco on multiplying up the various relations (2) . The law of cubic reciprocity now yields since 3 | y . This implies that y must be even, and the theorem, for this case, follows.
= 1
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use If k = 3, then a congruence (mod 3) shows that either x = y = z = ± 1 (mod 3), or 3 divides exactly one of x, y, z (y say). In the former case, x +yco has a primary associate xco + yco2 , and the fact that We shall not reproduce the calculation of these densities. The reader may refer to Vaughan [5, § §2.4 and 2.6] and Davenport [3, §6] for the necessary techniques.
We now see that the conjectured number of solutions, without any adjustment for the failure of (WA), would be ekN, &k = 0oo,kYl0P,k-To evaluate this more explicitly, we observe that, if k is squarefree, then
by Hensel's Lemma. We can calculate N(p) and N(p2) with the aid of cubic Gauss sums. We find that, for p\3k , we have
while for p = 1 (mod 3) we have Rk(N)~6kN, despite the failure of (WA).
Although it seems hopeless to prove an asymptotic formula for Rk(N), we can make a plausible heuristic investigation for suitably sized £ into the mean value ^2K<k<2fc Rk(N). Allowing for solutions with w = 0, we can write ,fc" Ô3 '
with Ö = q (log log A7), say. Unfortunately, the convergence in (6) is not uniform. Nonetheless, the relation (7) seems plausible. Indeed, it seems likely that one could prove it with a little effort, and we therefore continue our investigation on the assumption that it does indeed hold.
We now observe that Y* ^<2) = £ ^(ß) + 0(Xx'3N*) Thus, for the equation x3 + y3 + z3 -kw3, all the evidence points to the conclusion that the Hardy-Littlewood formula is valid, despite the failure of (WA). for example. In the light of our investigations above, we conjecture that these figures give, approximately, the number of solutions of x3 + y3 + z3 = k ; and that no adjustment for the failure of (WA), as implied by Theorem 1, is necessary. In particular, we conjecture that these Diophantine equations have infinitely many solutions. However, since the solutions have six symmetries, the density of essentially different solutions would be expected to be one-sixth of that indicated above. Thus, one might predict, very roughly speaking, one new solution of x3 + y3 + z3 = 3 in the range N<max{\x\, \y\, \z\} < exp(6/0.366. ..)N = 1.3 x 107/V, and similarly, for x3 + y3 + z3 = 30, one new solution in the range iV<max{|x|, \y\, \z\} <7x 104N.
A search for solutions to these equations (Gardiner, Lazarus, and Stein [4] ) found only (1, 1, 1) and (4,4,-5), corresponding to k = 3, and no solutions for k -30. Indeed, it was suggested that these equations have no more solutions. Inasmuch as the search range was only to 216 = 6.5 x 104 , the figures above indicate that any such conjecture is premature. In particular, in the case of k = 3, it would have been somewhat unexpected if a solution had been found.
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